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DIFFUSION OF AURORAL ELECTRONS
IN THE ATMOSPHERE

by
Kaichi Maeda
Goddard Space Flight Center

SUMMARY

The results of a Monte Carlo computer program originally written
by NBS to treat electron reflection and transmission by plane-parallel
slabs are applied here to the diffusion of monoenergetic auroral elec-
trons in the polar atmosphere. The following conclusions are reached:
(1) The straggling effect is significant for electrons with energies above
20 kev, but is negligible below 10 kev. (2)Back-scattering decreases at
both high and low energy levels, showing a maximum around 20kev. The
back-scattering coefficient at the maximum level is on the order of 7%
(intensity) and 4% (energy flux) for vertical incidence, and 20% and 15%
respectively, for isotropic incidence. (3) Angular distribution of pene-
trating electrons approaches perfect diffusion with cosine-squared
rather than Gaussian distribution around half of the penetration (back-
diffusion) depth for both vertical and isotropic incident distribution.
Also, previous calculations on penetration depth and effective depth of
energy distribution are shown to have been greatly underestimated for
electron energies above 20 kev, because of the straggling effect.
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DIFFUSION OF AURORAL ELECTRONS
IN THE ATMOSPHERE

by
Kaichi Maeda
Goddard Space Flight Center

INTRODUCTION

In calculating the rates of reactions caused by auroral activities (such as the vertical distri-
butions of luminosity and auroral absorption or the rate of dissociation of air due to bombarding of
auroral particles), it is necessary to have fundamental information on the behavior of electrons
and other auroral particles in the upper atmosphere. One important aspect is the change of in-
tensity (particle flux) and of energy flux, and the rate of change with atmospheric depth.

Intensities and energies of charged particles entering the atmosphere decrease with atmos-
pheric depth. These changes and the associated rates of change are fairly accurately calculated
by use of the so-called range-energy relations for most charged particles; but this is not the case
for electrons (References 1-5). Because of the dominating effect of Coulomb scattering and its
statistical nature in collision processes, changes of intensity and of energy of the electron flux
penetrating the atmosphere were not rigorously calculated before the results of Spencer's extensive
computations on energy dissipation of electrons in air became available (References 6 and 7).

Recently, M. H. Rees (Reference 8) made semi-empirical calculations of the luminosity dis-
tribution of aurorae, using laboratory data given by A. E. Griin (Reference 10). Since Grin's ex-
periments were limited to the case of vertical incidence of monoenergetic electrons with energies
from 5 to 54 kev, Rees had to make some ad hoc assumptions about the angular distribution in
order to apply Grun's results to more general cases.

Another factor which makes theoretical calculations of electron-diffusion difficult is the so-
called "straggling'" effect. The importance of this effect has been shown by much laboratory data
(References 9 to 11), but no calculations have been available for electrons diffusing in air with
straggling as well as scattering and energy loss considered simultaneously.

At present, the only way of calculating electron diffusion including multiple Coulomb scattering
and energy loss with its fluctuation is the Monte Carlo method. Many practical problems on ir-
radiation by electrons have been solved by this method (References 12-14). A review of the method
has been written by Berger (Reference 15), and details of these calculations are reported by Berger
and Seltzer (References 16 and 17).



The main purpose of the calculations in this paper was originally to extend Spencer's work on
the energy dissipation of electrons in air to energies below 25 kev, because most auroral electrons
are in this energy range. Since the effect of straggling on the penetrating depth of electron flux
(which is impossible to consider by Spencer's moments method) is rather important at higher
energy, computations in this paper are extended above 25 kev.

It should be noted that the ""tail,"” or low energy portion of the intensity curve of penetrating
monoenergetic electrons, as shown by laboratory experiments, is due not only to the fluctuation in
energy loss but also to scattering along the paths of penetrating electrons. Therefore, the word
"straggling' is used in most cases for the effects due to both scattering and fluctuations in energy
loss at each collision. In this paper, however, straggling means only the fluctuations in energy
loss, the Landau fluctuation (Reference 18).

Since the geomagnetic field is nearly vertical and uniform in the polar region, unwinding of
the spiral path of impinging electrons is equivalent to the oblique path with an indicent angle equal
to the pitch angle (References 3 and 8). The results of the present calculations (which are per-
formed with respect to air of uniform density without magnetic field) are, therefore, applied to
electron diffusion in the polar upper atmosphere. Some examples of these applications are shown
in the last section by making use of the CIRA (1961) model atmosphere.

CALCULATIONS

The Monte Carlo calculation consists essentially of two parts: the basic data which contain
formulas for scattering and energy loss as a function of electron energy in the medium (i.e., in
air); and the random sampling for combinations of these basic data for a given number of histories.

The programs for machine calculation have been made at several places for different purposes
(References 12, 14, 15, 16, 17). Some of the details of the program (FORTRAN for IBM 7090) used

in the present calculation are given by Berger (Reference 15).

The formulas used in the basic data are as follows:

Energy Loss

The energy range in the present calculation is between 2.5 kev and 200 kev. Therefore, the
energy losses other than ionization loss can be neglected. Electron trajectories are schematically
divided into a number of short sections, from which lengths are chosen so that the mean energy
loss in each slab corresponds to a certain fraction of the incident energy 2 ~/16 in most cases.
The mean energy loss is calculated according to the Bethe theory which is formulated by Rohrlich
and Carlson (Reference 19) as shown in Appendix A.



Scattering

The angular deflections of each electron trajectory with respect to the initial incident direc-
tion at the end of each slab, the thickness of which is specified as above, are calculated by the
multiple scattering theory of Goudsmit and Saunderson (Reference 20) with Mott's cross-section
for single scattering (Reference 21). A choice of the Goudsmit-Saunderson expression gives
better accuracy for large deflection than the familiar Moliére's formula (References 22 and 23).

Since the details of the calculations on scattering above are very lengthy and already written
in a review article (Reference 15), only basic formulas are shown in Appendix B.

Straggling

The energy loss of an electron after traveling a certain path length is not unique but fluctuates
around a certain mean value. The distribution of this fluctuation was first derived by Landau
(Reference 18) under conditions in which the energy loss is very small as compared with the in-
cident energy. Later this was refined by Blunck and Leisegang (Reference 24) taking into account
effects of resonances due to the binding energies of orbital electrons. The result gives a wider
broadening distribution than Landau's original distribution. In the calculations in this paper, an
expression derived by Blunck and Leisegang as a convolution of the Landau distribution function
and a Gaussian function is used. The final expression is shown in Appendix C. The former cor-
responds to broadening due to collisions with free electrons, i.e., bounding energies are neglected;
while the latter corresponds to resonance-broadening due to collisions with bounded electrons.

The basic quantity to be computed is called the differential transmission T (Reference 15),

T = T(E,, cos8,, E, cos 8, x) dEd(cos &) . (1)

This quantity represents the probability that an electron, incident with energy E,, at angle ¢, from
the normal direction, will emerge with energy E and at an angle ¢ (between cos 8 and cos 8 +dcos 8 )
after traveling a slab of thickness x. Except for computations on back-scattering, all results are
given for both vertical and isotropic incidence. Since the following expressions are the same for
both cases, the initial angle ¢, will be dropped in the expression of transmission T.

The thickness (or depth) x is expressed by the units of total range r, corresponding to initial
energy E; that is, x = r/r, where r, and r are in units of gm/cm?2
integrating

. The range r, is given by

To ~ dE (2)
dr

with the Bethe formula for dJdE/dr as shown in Appendix B. E,, r, and the altitude z,, which corre-
sponds to vertical depth r, in the CIRA (1961) model atmosphere are shown in Table 1.



Other Observable Quantities Table 1

Other observable quantities are calcu- Initial Energy Correlated Against Range
lated by integrating the differential transmis- and Atmospheric Depth

sion with respect to energy, to angle, or to E Jom? 7
ev m/cm m
both, as follows: o (kev) o & o (km)
-5
The relative differential energy spectrum at x, 2.5 2.76 x 10 118.02
is given by 5. 8.79 x 1075 107.13
10. 2.909 x 10 ™* 100.18
-4
i(Eo, E! x) 4B’ 20. 9.824 x 10 93.24
25. 1.455 x 1073 91.00
[ 50. 4.924x 1073 84.05
= dE T(Eo, E/ cos 0, x) d(cos 8) . (3) _
0 100. 1.627 x 1072 77.23
200. 5.0928 x 10”2 70.73
The relative total intensity I(E,, x)/I, is
I(Eo, x) Eg
—1, - i(E,, E/ x)dE" . (4)
E
The relative energy flux is
E(x) 1 ! Eo
E, = K J d(cos 6) j E' - T(Eo, E/ cos 6, x) dE’ . (5)
0 E
The angular distribution of relative intensity is
EO
j(EO, cos 0, x)d(cos 8) = d(cos8) J T(Eo, E/ cos 6, x) dE’ . (6)
E

c

The lower cut-off energy E_ is taken as 1 kev in all cases in the calculations in this paper.
For the case of isotropic incidence, the calculations are done by integrating the initial distribution
with respect to cos 6, with the weight function cos ¢,. Relative intensities are normalized to the

initial intensity I, = 10%.

RESULTS

Except for calculations of the angular dependence of back-scattering, the following results are
based on the analyses of 2,000 Monte Carlo histories with two cases of incident distribution, the



one for vertical incidence and the other for isotropic incidence.* To see the effect of straggling,
all calculations are done with and without straggling.

Relative Intensity I(E,, x}/l,

This is one of the most important points to be shown in the present calculations on electron
diffusion in air and the results are shown in Figure 1 (a - f) for E;, = 2.5, 5, 10, 20, 25, and 200
kev against depth x. Since these curves are almost identical for the cases with initial energies
above 25 kev, those figures for 50 kev and 100 kev are omitted. Longer tails of intensity distri-
butions, as given with straggling, are in better agreement with laboratory data than for those
without straggling (References 9 and 10) although laboratory experiments are limited to the cases
of vertical incidence.

Relative Energy Flux E(x]/E,

The relative energy flux curves are shown in Figure 2 (a - f), corresponding to Figure 1
(a - £f). Dashed lines shown in the case of E; = 25 kev and 200 kev (Figure 2(e) and (f)) indicate
Spencer's result. Since Spencer's original results are given as the rate of energy dissipation
(i.e., dE/dx), his result is shown after integrating his curves with respect to x. It should be noted
that Spencer's calculations are done with respect to the unbounded homogeneous medium, while in
the present computations, a computer program is written to treat the reflection and transmission
of electrons by plane-parallel slabs, assuming that an electron, once it has left the slab, can never
return to it.

Relative Energy Dissipation dE/E, dx

By differentiating the energy-flux with respect to depth x, the relative energy dissipation
curves are obtained as shown in Figure 3 (a - f) for E, = 2.5, 5, 10, 20, 25, and 200 kev. Since
there is no large difference in these curves above E, = 25 kev, curves for E, = 50 and 100 kev
are omitted. In this respect the conventional assumption of energy-independent relative dissipa-
tion curves, such as is made by Rees (Reference 8), is acceptable for electrons with energy above
25 kev up to around 500 kev, but is no longer accurate below 25 kev. A comparison with Spencer's
result is shown in Figure 3(e) and (f) for the case of E, = 25 kev and 200 kev respectively with
vertical incidence. The difference is significant both at the initial part and the tail part between
the curve, with and without straggling.

Angular Dependence of Back-Scattering

The ratio of back-scattered to incident intensity (energy flux) is called the back-scattering
coefficient or the back-diffusion coefficient (References 10 and 11).

*In order to check the accuracy of calculations on the energy dependence of the back-scattering coefficient, 10,000 histories are used
for E, = 12.5 kev with two cases of vertical and isotropic incidence (Figure 5).
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Figure 1—Relative intensities of penetrating monoenergetic electrons in air [ {x) /1y vs. depth of air x, where
x =r/rg,and rg is the practical range of electrons, corresponding to the initial energy Ej as shown in Table 1.
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Figure 2—Relative energy flux of monoenergetic electrons E(x) /Ey vs. the depth of air x, corresponding to the dif-
ferent initial energies shown in Figure 1.
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Figure 3—Relative energy dissipation curves of monoenergetic electrons (AE/EO)/(Ar /v o) vs. depth of air x, cor-
responding to the different initial energies shown in Figures 1 and 2.




Experimentally, it is known that this coefficient is quite large for materials with large atomic
numbers, such as Pb (Z = 82) for which it is approximately 50%. On the other hand, this coeffi-
cient is regarded as negligible for materials like air that have small atomic numbers. Since lab-
oratory measurements are limited to the case of vertical incidence, it is necessary to calculate
them for the cases of oblique as well as isotropic incidence.

Figures 4 (a - f) show the angular dependence of this coeificient for incident energies of
E, = 2,5, 5, 10, 20, 25, and 200 kev, both for intensity and for energy flux. Curves for E, = 50 and
100 kev are omitted, because there is no remarkable difference between curves above E, = 25 kev.

Energy Dependence of Back-Scattering

The results shown in Figure 4 are replotted against energies in Figures 5 (a and b) for ver-
tical and isotropic incidence, respectively. A decrease of these coefficients with energy beyond
50 kev is experimentally well known (References 10, 11, and 13), although experiments are so far
limited to normal incidence. It should be noted, however, that the coefficients also decrease be-
low 10 kev, giving a maximum at around 20 kev for vertical incidence. On the other hand, in the
case of isotropic incidence, a decrease of the back-scattering coefficient is very small and can
be regarded as nearly constant between 20 kev and 500 kev. The values at the maximum are of
the order of 7% for intensity (particle flux), and 4% for energy flux, in the case of vertical inci-
dence. Corresponding values for isotropic incidence are 21% and 14% respectively. It is inter-
esting to see that the effect of straggling is reversed around 10 kev for the case of isotropic
incidence. This can be explained as follows: because of broadening in the energy distribution the
number of low energy electrons increases, and their energies are so low that some of them are
unable to leave the air even though they are back-scattered. On the other hand, decrease of back-
scattering at high energies is simply due to the fact that the number density of scattered electrons
concentrates in the forward direction in the laboratory system for high energy collisions, even
though angular distributions of scattered electrons are isotropic in the center of a mass system
of colliding electrons.

Applications for the Diffusion of Auroral Electrons

Figures 6 (2 and b) show the intensity and energy flux distribution of monoenergetic 2.5 kev
electrons in the atmosphere (CIRA, 1961) for vertical and isotropic incidence. Figures 7 (a, b)
and Figures 8 (a, b) show similar curves for 20 kev and 200 kev electrons. From these figures,
one can see that the effect of straggling is significant for electrons with energies higher than
20 kev: distribution of the greatest penetrating depth of vertically incident electrons exceeds the
conventional penetration depth given by a range-energy relation based on a continuous ionization
loss (Bethe formula). If the energy distribution is only due to multiple scattering, the greatest
penetrating depth should never exceed the depth given by the Bethe formula. On the other
hand, the effect of straggling is not important for electrons below 20 kev, and the effect is rather
reversed below 10 kev; i.e., the greatest penetrating depth for straggling is less than the depth
without straggling.
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By differentiating these energy flux
functions with respect to altitude z, we
can obtain the vertical distribution of en-
ergy dissipation of the primary electrons
impinging into the atmosphere. One ex-
ample, for 20 kev electrons is shown in
Figure 9. Sincex = p-08z, where p is
the mean air density between the level z
and z + Az, these curves can be also ob-
tained directly from Figure 3, multiplying
dE/dx curves by the value of atmospheric
density at each level po(x). We can see
that the effect of straggling is not only to
increase the penetration depth but also to
shift the depth (i.e., height) of the maxi-
mum dissipation level. These curves can
be compared with the vertical distribution
of auroral luminosity (References 7 and 8).

Changes of angular distribution of
monoenergetic 20 kev electrons, with al-
titude are shown in Figure 10 for vertical
and isotropic incidence, with relative in-
tensities normalized to initial intensity
plotted against the cosines of the angle 8
from the normal direction. Since the an-
gular distribution for different energies
is almost identical with respect to non-
dimensional depth x ; similar curves for
other cases of different energies are
omitted. It should be noted that the angu-
lar distribution rapidly approaches that
of perfect diffusion with cosine-square
distribution rather than Gaussian (Ref-
erence 11), around the half-depth of the
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w 1 1 i i ] 1 1 ]
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[
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Z
&
-
<
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w
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[0
g 7 =
O’ ' i 1 1 ) [ T B
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Figure 5—Back-scattering coefficients vs. incident energies for
monoenergetic electrons at two angles of incidence.

maximum penetration for both vertical and isotropic incidence. Those depths are very close to
the back-diffusion depth deducted from laboratory data on solid materials with vertical incidence
(References 3 and 11). To show the transition into perfect diffusion with depth, a cosine-square
curve is plotted by a dashed line in both figures for comparison. Another expression of these
trends is shown in Figures 11 (a and b); where directional intensity is plotted against depth, x,
for vertical and isotropic incidence. It should be noted that the number of electrons (intensity)
diffusing into the oblique direction increases with depth until around one-third of the total pene-
tration depth; intensities in the oblique direction show a maximum around one-third of the total
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Figure 6—Relative intensity (particle flux) and relative energy flux (power) of electrons with an initial energy of
2.5 kev vs. altitude in the CIRA (1961) mode! atmosphere. The height Z; shows the maximum penetration depth (i.e.,
to the range r ) for the initial electron energy E;, as shown in Table 1.
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Figure 7—Relative intensity and relative energy flux of electrons with an initial energy E, = 20 kev vs. altitude
in the CIRA (1961) model atmosphere.

penetration depth, while vertical intensity and all directional intensities with isotropic incidence
decrease with penetrating depth monotonically. These curves are identical for different initial
energies, as far as they have been plotted against non-dimensional depth x = r/r .

Finally, Figure 12 shows the differential energy spectrum of monoenergetic electrons
kev) incident in the atmosphere. Altitudes in parentheses are those in the CIRA (1961)

(E, = 20
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Figure 8—Relative intensity and relative energy flux of electrons with an initial energy E, =200 kev vs. altitude
in the CIRA (1961) model atmosphere.

atmosphere corresponding to the depth x, with
ro = 9.8237x 10”* for 20 kev (Table 1). At the
bottom, energies correspond to the continuous
energy-range relation:

x

- dE
E, = E - de' dx (1)

where dE/dx’ is given by the Bethe theory (Ap-
pendix A), are shown. It should be noted that
energies corresponding to maximum intensities
for each depth are slightly lower than E . The
relative change-of-energy spectrum is almost
the same for different initial energies below
200 kev, provided that these are plotted with
the non-dimensional parameter x.

CONCLUSIONS

Summarizing the present results, we can
state the following points:

(1) Previous estimations of intensities
(particle flux) and energy flux (powers)

ALTITUDE (km)

112
Eg = 20 kev
10 |
WITH STRAGGLING
108 - — — — NO STRAGGLING
106
ISOTROPIC INCIDENCE
104
102 |
VERTICAL
100 INCIDENCE
98 {
96 ’>
94
- Zo
92 1 1 [} 1 i 1
0 2 4 6 8 10 12

RATE OF ENERGY DISSIPATION (%/km)

Figure 9—Energy dissipation curves for elecirons with
initial energy Ey = 20 kev in the CIRA (1961) model
atmosphere.
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Figure 10—Angular disiribution (relative intensity/steradian) of electrons with an initial energy E; at different at-
mospheric depths. Although based on the results of Ej =20 kev, these curves are nearly identical for all values of
E, below 200 kev, since they are plotted with the non—dmens:onal parameter x = r/ry as used in Figures 1, 2, and
3. The heavy curve to the initial distribution, i.e., §(0) for vertical incidence and 1/2 cos O for lSOfrOpIC inci-

dence; and the dashed curves indicate the cos? & curve for comparison.

of penetrating electrons in air (based on the so-called range-energy relation) have been
significantly underestimated, as can be seen from Figures 1, 2 and 12. For electrons with
energies above 20 kev, the greatest penetration depth and the depth of maximum energy
dissipation are deeper than those previously estimated by neglecting straggling (Figures

3 and 9).

(2) Straggling is negligible below 10 kev and the effect is rather opposite to that for energies
above 20 kev (Figures la, 1b, 2a, 2b, 3a, and 3b).
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Figure 11—Plots of relative intensity (similar to Figure 10) against non-dimensional depth x = r/r j with the param-

@)

(4)

eter 8, the angle from the vertical (incident) direction.

The back-scattering coefficient decreases at both high and low energies, showing a maxi-
mum around 20 kev. The values of this coefficient at the maximum are approximately 7%
for intensity (particle flux) and 4% for energy flux (power), in the case of vertical inci-
dence. Corresponding values in the case of isotropic incidence are 21% and 14%, respec-

tively (Figures 5a and 5b).

Back-scattering is nearly constant above 20 kev up to 500 kev for electrons with isotropic
incidence, although the back-scattering coefficient decreases slightly with energy, for
both cases of incident angular distribution as can be seen from Figure 5.
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(5) The angular distribution of penetrating

1.0 £, = 20 kev electrons approaches that for perfect
. INCIDENT (x=0) diffusion with cosine-square distribu-
[ INTENSITY tion rather than Gaussian, within less
x=0.1(118 km) VERTICAL than half of the penetration depth for
INCIDENCE both vertical and isotropic incidence,
101 —— ISOTROPIC .
INCIDENCE as can be seen from Figures 10 and 11.

This depth is very close to the so-called
back-diffusion thickness deduced from
laboratory data, based on vertical in-
cidence and on solid materials (Refer-

% =0.7 (95.3 km) ences 3 and 11),

1072
(8) The energy spectrum of monoenergetic
incident electrons spreads rapidly with
penetrating depth, due to both multiple
Coulomb scattering and straggling. The
maximum intensities of these energy
spectra at each depth are slightly lower
| Em(x=0.9) than those corresponding to the ones
L—E m (x=0.7) given by the conventional range-energy

px = 0.9 (93.8 km)

RELATIVE DIFFERENTIAL INTENSITY I(E)/Iq

S
w

Em (x=0.5)\
Em (x=0.3)~}

Em (x=0.1)~]
1074 relation, particularly near the end of
=20 15 10 5 0 )
Fo the range and for the electrons with

ENERGY (kev)
isotropic incidence (Figure 12).

Figure 12—Differential energy spectrum of monoenergetic
electrons, E; = 20 kev incident in the atmosphere. Fmally, it should be noted that the present

calculations are based on a computer program

which was written to treat the reflection and
transmission of electrons by plane-parallel slabs, where the possibility of multiple traversal of
slab boundaries was assumed to be zero. In application to atmospheric diffusion, it would be more
accurate to allow this possibility, treating the atmosphere as a semi-infinite medium. Although
it is not expected that this will change the results of the present calculations very much, as was
mentioned in the discussion of the relative energy flux, new studies are in progress to include this
possibility. It is more important, however, to take into account the effect of the earth's magnetic
field. This will also be done in the near future, and the effect of the uniform magnetic field on the

paths of scattered electrons in air will be considered.
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Appendix A

Energy Loss Along the Electron Path

Since radiation losses (including loss due to direct pair-production) are negligible below
200 kev, the following formula for ionization loss is used for continuous energy loss along the paths
of electrons (References 15 and 19):

27N r2 mc?
(dE) Sl ELRAEE 4 RS AGAR I T (A1)

dx 52 2(-1_2)

mc

where

2
F(r) = [1 + o - (2r + 1) 1n2:| Jir + 1)2

§ = Correction factor for the density effect (practically zero for air below 200 kev electrons),
7 = Kinetic energy in units of electron rest mass,

mc? = Restmass of electron, 5.1098 x 10° ev,
v = Classical radius of electron, 2.8178 « 10713 cm, e?/me 2,

N = Avogadro's number, 6.02492 x 1023 mol~!,

B = Velocity of electron in units of light velocity, ¢ = 2.9979 x 10 10 em/sec.

The quantities p, Z/A and I are defined by the following mean value formula;

and



where p,, Z,, A; and I, are the density (gm/cm3), atomic number, mass number and ionization
potential (ev) of the three principal elements present in air and of air itself, as shown in Table Al.

In the table, the relative abundance in mass pi/p is also shown.

20

Table A1

Atomic numbers, mass numbers, ionization potentials,
and relative abundances of atmospheric constituents.

Atomic Mass Ionizat?on
Element Number | Number Po::x;;ml pi/p
(0] 8 16 89 0.232
N 7 14 85 0.755
A 18 40 210 0.013
air 7.37 14.3 87 1.000




Appendix B

Angular Deflection of a Scattered Electron

Angular deflection: Following from the work of Goudsmit and Saunderson (Reference 20),
the angular multiple-scattering distribution f(«), is given by

f(w) = (l*'%)e’m [‘ J. Gz(s')dS':l P, (cosw) , (B1)
4‘ : o

where w»is a deflection angle of a trajectory after passing a path length s from the initial incident
direction, and G(s’) is given as a function of single Coulomb scattering cross-section o(9, s), i.e.,

G, (s) = 2N J (0, s)[l-Pl(cosé’)] d(cos 8) . (B2)

4}

Integration of G, (s) with respect to path length s has been done by making a transform on s for a
given expression of o(8, s){(Reference 15), and a given number density for the medium (i.e., air).
The simplest formula for o(4, s) is the Rutherford formula which is corrected for the screening
effect due to orbital electrons by Mott (Reference 21). It should be noted that the dependence of
o(8, s) on the path length s is derived from its well known energy dependence, o(8, E).
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Appendix C

Distribution of Fluctuating Energy Loss

The distribution of the fluctuating energy loss AE of electrons, W(AE), with initial energy E,
after traveling a path length s, around a mean value AE, which corresponds to a loss rate given in
Appendix A, is given by Blunck and Leisegang as:

W(AE) d(AE) = exp |- (1)

where
_./5.6
b = a.s
4 P
a = 154%-—5,
and
_ AE - AE E,
A 2 s tInizTg /- 1.116

The constants c,, A, and y, are shown in Table C1.

It should be noted that the probability distribution function (C1) is derived by making use of a
convolution of the Landau function with a Gaussian function. The latter corresponds to the reso-
nance effect due to bounded electrons in the medium, which is neglected in Landau's theory (Ref-
erence 24).

Table C1

The constants c,, A, and ,.

v

Constant v=1|v=2|v:3 v =4
c, 0.174 0.058 0.019 0.007
A, 0.0 3.0 6.5 11.0
Yy 1.8 2.0 3.0 5.0

NASA-Langley, 1965 (G-589 23
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